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Asupplementarynoteonthepaper
"Asymptoticexpansionandasymptoticrobustnessofthe
normaLtheoryestimatorsintherandomregressionmodel"
HaruhikoOgasawara
ThisnoteistosupplementOgasawara(2007),andgives(I)thematrix
expressionsofthepartialderivativesoftheparameterestimatorswithrespectto
samplevariancesandcovariances,and(2)thedirectproofofTheorem1using
cumulants.
I.Matrixexpressionsofthepartialderivatives
I.1Theregressioncoeficients
(a)Thefirstpartialderivatives
LetSx-V(SK),then∂β∂(sxy-⑳Ip)vecS去
asxr asxr
--(S-･⑳Ip,'S-i ⑳S-措 賢 --{(S--S去'⑳S-i'Dp, (Al.1,
且 -S-i,
asxYI
whereforv(I),vec(･),@ andDp seesection40fOgasawara(2007).
(b)Thenon2:erOSecondpartialderivatives
LetA andC beuxv andpxq matrices,respectively. Then,the
commutationmatrixKuv isdefinedasvec(A')=Kuvvec(A)withKu…Kuu,
whichyields
vec(A@C)-(Iv@Kqu@Ip)(vecA@vecC), (Al.2)
(Magnus& Neudecker,1999,p.47),whereIvisthevxvidentity matrixI
LetA'k'-A@･･･@A (ktimes)andvecA@･･･-(vecA)@･･･,then
〔235〕
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/∂sxI--(D/⑳sNr⑳Ip)aVeC(S去⑳S-i)
∂S,l･■
-iDpl⑳S-'⑳Ip''Ip⑳Kp⑳Ip'55 (V魂 ⑳V魂 ' (Al.3,
=CD/⑳sK'⑳Ip)qp⑳Kp⑳Ip)
･((sid'Dp)㊨vecS去･vecs去⑳(sL'2'Dp)),
加増〕′∂S-.--p;⑳Ip,叫 碧` @S-i'
--(Dp･@Ip,(幣 ⑳V- )
--(Dp'⑳Ip)(S孟 ⑳vecs去･)･
(C)Thenonzerothirdpartialderivatives
Letp*-p(p+1)/2,then
車 1 % )/as;)/asxI-可 # )/asx.
where
=lIp･@((Dp'@sxy')(Ip@Kp))@Ip]
･avec((S憲2'Dp)㊨vecS-i+vecs去⑳(S-i'2'Dp))/∂sxI,
avec((S憲2'Dp)㊨vecS-i+vecs去⑳(S-ii'2'Dp))/∂sxI
-∂[vec(S-i'2'Dp)㊨vecS去
+(Kp.,p2㊨Ip2)(vecS-i㊨vec(S-ik'2'Dp))]/∂sxI
-∂[((Dp'⑳Ip2)vecS憲2')㊨vecs-訂 (Kp.,p2⑳Ip2)
･〈vecS去⑳〈(Dpr⑳Ip2)vecSX'2'))]/∂sxI
-∂[((Dp'⑳Ip2)(Ip⑳Kp⑳Ip)(vecS-i ⑳vecs去))
㊨vecS-訂 (Kp.,p2⑳Ip2)(vecS去⑳((D/⑳Ip2)
･(Ip⑳Kp㊧Ip)(vecS-i ⑳vecs-i)))]/∂sx-
(Al.4)
(Al.5)
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--[(Dp'⑳Ip2)(Ip⑳Kp⑳Ip)((S-i'2'Dp)㊨vecSJi
+vecs去 ⑳(S憲2'I)p))]⑳vecS去
-((D/㊨Ip2)(Ip⑳Kp⑳Ip)(vecS去)`2')⑳(sL'2'Dp)
-(Kp.,ク2⑳Ip2)[(S-ik'2'Dp)㊨i(Dp'⑳Ip2)(Ip⑳Kp⑳Ip)
･(vecsJi)`2')]
-(Kp.,p2⑳Ip2)lvecS去 ⑳((Dp'⑳Ip2)(Ip⑳Kp⑳Ip)
･(S-i'2'Dp)㊨vecS去･vecs去 ⑳(S-ii'2'Dp)))],
･ech ec〔% )/asx.)/as-I-&eck 纂 )/as-.
-([((I)pIS三笠2')⑳vec-S去+vec'S去⑳(D/S-i'2')
x(Ip@Kp@Ip)]@Ip･.p)avec(D/@sxY.@Ip)/asxyI,
(Al.6)
avec(Dpl⑳sxY'⑳Ip)/∂sxYI
-a(Ip2@Kp2,p.@Ip)(vec(Dp')@vec(SXYT@Ip))/asxy'
-(Ip2⑳Kp2,p･⑳Ip)lvec(Dp')⑳〈(∂sw/∂S.汀')⑳vecIp)] (Al･7)
where
-(Ip2@Kp2,p,@Ip)tvec(D/)@Ip@veclpi
1.2Thepartialderivativesoftheresidualvariance
(a)Thefirstpartialderivatives
39--D;(S-is-,<2,,孟 --2SXs-Aasx
(b)Thenonzerosecondpartialderivatives
Using(Al.1),
∂2¢
∂sx∂sx-
-Dp'[(∂vec(S去･sxy)/∂sx-)㊨vec(S去sN)
+vec(S去sK)㊨(∂vec(S-isxY)/∂sxI)]
--Dp'[(((sxy-S去)⑳S-封 I)p)㊨(S孟･sxY)
+(s誌s.汀)㊨(i(S.汀'S去)⑳S去)Dp)]･
(Al.8)
(Al.9)
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Similarly,wehave
∂2¢- --2鎚 -2Dp.((S去sw)⑳S-ii,
∂sx∂sJn,† ∂sx
∂2¢
asxYasxyI
--2S-i.
(C)Thenon2:erOthirdpartialderivatives
From(Al.9),
∂vec
(
∂2¢
asxasx)
/asx'-a÷(asx)'2'〉
/asx
--(Ip･@Dp.)
･[(∂vec(((S.汀IS去･)⑳S去)I)p)/∂sx.)⑳vec(S孟S∬)
･vec(((sxyIS去･)⑳S去)Dp)㊨〈∂vec(S-isxy)/∂sx-〉
+(Kp.,p⑳Ip)((∂vec(S去S一打)/∂sx-)
⑳(vec(((SXY'S-i)㊨S去)I)p))
+vec(S去sxY)㊨(∂vec(((S∬lS去)⑳sJiiI)p)/∂sxI))]･
In(Al.ll),letU*andV'bedefinedasfolows:
avec(S-isx,)/∂sx-=-((sxyrS去･)⑳S去)Dp--U*
usedbefわre,and
∂vec(((sK'S去)⑳S去)Dp)
asx'
-(Dp.⑳Ip)∂vec((SK-S去)⑳S-封∂S.l･■
--(D/⑳Ip)[(((sw'S去)⑳S去)Dp)⑭vecS-i
+(S去sxy)㊨(S-ii'2'Dp)]ニー V*･
Using(Al.12)and(Al.13),(Al.ll)becomes
･vec(蕊 )′∂sxI
-(Ip.⑳DpI)lV*⑳(S-is″ ).(vectJ*)⑳U*
･(Kp.,p⑳Ip)(U*⑳vectJ*･(S去sxy)⑳V*)]･
(Al.10)
(Al.ll)
(Al.12)
(Al.13)
(Al.14)
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Similarly,
･vec(舌鼓 〕′∂S-.-a(a )/∂S- I
= lIp･⑳Dp)
･[〈∂((vec(SXYrs去)⑳sLi)Dp)/∂sNT)㊨(S孟rsxy)
+vec(((SXY'S去)㊨S-封 I)p)㊨〈∂(S孟rsxy)/∂sN.)
+(Kp.,p⑳Ip)((∂(s誌s.W)/∂sxy)㊨(vec(((S.n,'S去)⑳sLiiDp)
+(S去Sズγ)㊨(∂vec(((S一打IS去r)㊨S去r)Dp)/∂sKM ]･
Using
avecl((SXY'S去)㊨S去‡Dp]/∂sxyI
-(D/⑳Ip)aVeCi(SK-S去)⑳S忘)∂S一打'
-(Dp'㊨Ip)(S孟 ⑳ vecs去),
(Al.15)becomes
∂vec
(覧 〕′∂S-Iasxasx
--(Ip.⑳I)/)[((D/⑳Ip)(S去⑳vecs去)‡㊨(S去rsxY)
+vec(((S,Ⅳrs去)⑳S去)Dp)⑳S去r
･(Kp.,p⑳Ip)(S去｢⑳vec(((S∬'S去･)⑳S去)Dp)
+(S去sx,)㊨((DpT⑳Ip)(SJi ⑳ vecs去))日 .
From(Al.10),
∂vec
(蕊 )′∂S-.
-2iIp㊨(Dp'SL'2')i(Kp⑳Ip)鹿 ⑳vecIp)
-2(Ip⑳(DpTS-i'2'))(Kp⑳Ip)(Ip㊨vecIp),
whichbecomes,whentheorderofderivativesischanged,
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(Al,15)
(Al.16)
(Al.17)
(Al.18)
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･vec(震 慧 〕′∂sx.-2SL<2,Dp･ (Al.19)
2.ThedirectproofofTheorem1
(a)AsymptoticrobustnessofaVarNT(P.)
Itisknownthat
(ft)ab,cd= Kabcd+(ftNT)ab,cd=Kabcd+a'NTab,cd,
(p'1≧a≧b≧1;p+1≧ C≧d≧1), (A2･1)
(seee.g.,Stuart&Ort,1994,Equation(13.44)).Aswasderivedin(4.2),we
have
nav-(bJ,-写耳芝 (n)uyg ,(i-1,･,p,, (A2･2'
where∑and∑ denotetheSummations0,｡rth｡rang｡S‥U V
U∈((a,b),(e,Y);p≧a≧b≧1,e-1,..,pi,
V∈((C,d),(g,Y);p≧C≧d≧1,g=1,..,p),
respectively.Using(A2.1),(A2.2)becomes
--∑∑paJbL(KabV･恥 ab･V,a +妄言Je･(Kyev･O- ye･V,% ･'A213'
P
a,b-1V
In(A23),K,evisthemultivariatecumulantofY,xe andthetwovariablesinV,
sayvlandV2,Whichisequivalenttothatofp'x,Xe,VlandV2 duetothe
property ofcumulantsandtheassumptionoftheindependenceofxandE.
Thatis,usingthenotationFL(･,･･,･)forthemultivariatecentralmomentof
theargumentvariables,
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KYev-P(妄pkXk,Xe,Vl,V2)-P(gpkXk,Xe)p(vl,V2)
-p(ipkX,Vl)p(xe,V2)-P(gpkXk,V2)p (xe,Vl)
P-∑ pk(FL(xk,Xe,Vl,V2)-FE(xk,Xe)〟(V.,V2)
k=1
-Jj(xk,Vl)FL(xe,V2)-FL(xk,V2)FL(xe,V.)7
P
-∑pkKkeV･
k=1
Using(A2.3)and(A2.4),wehave
navar(β.,ニ ∑ー∑PaJbloNTab,Va+妄言6eLaNTYe,V
P
a,b=lV
盟
a olv
=navarNT(P,･), (i-1,･･,p)･
(b)AsymptoticrobustnessorabisNT(β∫)
Inasimilarmamer,wehave
nabis(β1,-三吉字詰 (O,U･V
-法 ク嘉≧1蓋 (O,ab･cdIp,Sd21妄云監(O,ab,Ye
P P
- ∑βcJdaJbL(Kobcd･a,NTab,cd)- ∑ JeaJbL(Kabe,･a,NTab,eY),O,b,C,d=l a,b,e=l
(A2.4)
(A2.5)
(A2.6)
(i-1,..,p).
P
sinceKabeY-∑βkKabek (See(A2.4),(A2.6)becomes
k=1 P P-∑pco-daJbla,NTab,cd- ∑ JeaO-bLa,NTab,eYa,b,C,d=I a,b,e=1
-nabisNT(P,)=0･
(C)AsymptoticrobustnessofabisNT(Q)
NotingthatSY inv doesnotcontributetotheasymptotic/exactbiasof
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V,wecanusethesamerangesofUandVasbefore:
nabis(0,-音 字怠 (0,-
-壬p嘉b惑d≧.盲蓋ニ(呵ab,cdIp嘉d≧.妄念 (呵 ab,Ye
･ieil怠 (n,ye,yJP--∑βco-血pb(Kabcd･恥 Tabd )
O,b,C,d-1
P P
･2∑ qeaβb(KabYe+a,N,ab,Ye)-∑ 0-ef(Kyen!･a,NTYeP)O,b,e=l e,f=1
-nabisNT(Q),
P
whe,eKyey!-∑plK/emfPm isused.Q.E.D./,m=1
(A2.7)
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